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1. (a) Let H={(1), (12)}. Is H abelian? 1

(b) Define commutator subgroup and
characteristic subgroup. 2+2=4

(c) Prove that if G is a cyclic group, then
AutG is abelian. 3

(d) Let G be a cyclic group of infinite order.
Then prove that 0(AutG)=2. 3

(e) Prove that a group G is abelian if and
only if Iq is the only inner
automorphism. 3
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(f) Let G be a group, then prove that
/ : G-»G defines by f{x^ = x"', Vxe G

i  is automorphism if and only if G is
abelian. 4

2. Answer any tmo of the following : 6x2=12
(o,) Let be the set of oii

flii+o«,l ' t.. ^ innermorplusms on a group G then
prove that— s' f u, men

(Q i[&l is'hbnhSl sTubgroup of Auto,
(ii) ,

(b) Ut G be a, cyelic group generated hv
and 0(G) = n > 1 svnerated by a

' " homomorphism ' / • g-TG^^ ^
automorphismifandonlyifG=:/«^r
Let G be a m-o •

that— ^ then prove.

normal subgroup of G;
' ̂ ®^LeUan;

22P/14

f ̂ ^ntinued

-oli>

' \)



( 3 )

3. (a) Define internal direct product. 2

(b) Let Gi, G2, •••,G^ be a finite collection of
groups such that

Gi © G2 © — © G„ = {(^1, 02, Qn): Qi e G^}

then prove that

\{9i, 92* •••» fl'n)l = lcm(|sfi|, IP2I, IPnl) 3

(c) If s and t are relatively prime, then prove
that U{st)zU{s)eU{t). 4

(d) Suppose that a group is an internal
direct product of its subgroups H and K.
Then prove that—

(i) H and K have only the identity
element in common;

(ii) G is isomorphic to the external
direct product of H by K 5

Or

Prove that a group G is internal direct
product of its subgroups H and K if and
only if—

(i) H and K are normal subgroups
of G,

(ii) HnK = {e}.

\  (e) If m divides the order of a finite abelian
group G, then prove that G has a

I  subgroup of order m. 0
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Or

Let G be a finite abelian group of order
p m, where p is prime and
p\my then prove that G = HxK
where H = G: = e} and
K = {xeG:x"' =e}.

4. (a) Write the class equation for the group G.

^ ̂  cIms^ P-subgroup and conjugacy
2+2'

(c) If 1<^I = P^, where pis prime thf^
tvtof. ^ , prune, then provethat G IS abelian.

(d) Let G be a finite group and Zir\ k 4.1.
centre of a tu ̂  ̂  be thee ot G. Then prove that

0(G) = 0(2(G)) + y 0(G)

I) Answer any tu ,o of the foUowing : 4"
(^) Let G h#* «

0(q£4) = i Then prove that

«9 order 6 is cycl^ group of
(^) Prove that o

a normal s^ow^^°'her 12 has
sylow 3-subgrouD ^®^^6roup or
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(f) Prove that no group of order 30 is
simple. 5

Or

Prove that a sylow p-subgroup of a group
G is normal if and only if it is the only
sylow p-subgroup of G.

(g) Suppose that G is a finite group and
p|0(G) where p is a prime number, then
prove that there is an element a in
G such that 0(a^ = p. 6

Or

Let G be a group of finite order and
p be a prime number. If p"^\0{G^ and
pm+i^Qp^ then prove that G has

subgroup of order
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